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Experimental Investigation and Numerical Modeling of 

Fiber Reinforced Concrete Beams for Different Failure 

Modes 

Abstract 

This study mainly aims to assess the efficiency of implementation of Concrete 

Damaged Plasticity model and Modified Compression Field Theory formulations into 

the nonlinear finite element method. The investigation was carried out on two groups 

of beams in order to cover a wide range of geometry, amount of steel fibers used, 

concrete strength, and tensile reinforcement ratio. Beams of the first group were taken 

from the literature and the second group beams were designed, constructed, and tested 

at the İzmir Katip Çelebi University Structural Mechanics Laboratory. Basically, the 

groups were separated considering the behavior being either critical in flexure or shear. 

The first group consisted of five beam specimens, three including steel fibers and two 

w/o fibers. This group was designed to fail from flexure. On the other hand, the second 

group of beams were designed to fail from brittle shear when did not contain fiber or 

stirrups. An investigation and analyze was made on the load-deflection behavior, 

ductility and crack patterns for the conducted experimental and numerical work. 

According to the findings, the CDP model and MCFT formulations were generally 

capable of determining of the behavior of the beams critical in flexure while MCFT 

formulations provided limited accuracy to capture the shear-critical beam behavior.  

 

Keywords: Damage-Plasticity model, MCFT formulations, Nonlinear Finite Element 

Analysis, Steel Fiber Reinforced Concrete Beams, Bending, Shear and Flexure Critic 

Designs 
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Farklı Göçme Modlarına Sahip Lifli Betonarme 

Kirişlerin Deneysel İncelenmesi ve Sayısal 

Modellenmesi 

Öz 

Bu çalışma temel olarak, Beton Plastikleşme Hasar modelinin (ing. Concrete Damaged 

Plasticity CDP) ve Değiştirilmiş Basınç Alanları Teorisi (ing. Modified Compression 

Field Theory, MCFT) formülasyonlarının doğrusal olmayan sonlu elemanlar 

yöntemine uygulanmasının etkinliğini değerlendirmeyi amaçlamaktadır. Farklı 

boyutlar, kullanılan çelik lif miktarı, beton dayanımı ve çekme donatısı oranı gibi geniş 

ölçekli değişkenleri kapsayan iki kiriş grubu üzerinde incelemeler gerçekleştirilmiştir. 

Birinci grup kirişler literatürden alınmış, ikinci grup kirişler ise İzmir Katip Çelebi 

Üniversitesi Yapı Mekaniği Laboratuvarında tasarlanmış, imal ve test edilmiştir. 

Temel olarak gruplar, kirişlerin eğilmede veya kesmede kritik davranışa yol açacak 

tasarımlara sahip olmasına göre ayrılmıştır. Birinci grup, üçü çelik lifli ve ikisi lifsiz 

olmak üzere beş kiriş numunesinden oluşmuştur. Bu grup eğilmeye bağlı bir göçme 

tipine neden olacak şekilde tasarlanmıştır. İkinci grup kirişler ise, lif veya etriye 

içermediklerinde gevrek kesmeden kırılacak şekilde tasarlanmıştır. Yapılan deneysel 

ve sayısal çalışmalar yük-deplasman davranışı, süneklik ve hasar durumları 

bağlamında incelenmiş ve değerlendirilmiştir. Elde edilen sonuçlara göre, CDP modeli 

ve MCFT formülasyonu genel olarak eğilmede kritik kirişlerin davranışını belirlemede 

başarılı olurken, MCFT formülasyonu kesmede kritik olan kiriş davranışını 

yakalamada yeterli başarıyı gösterememiştir. 

 

Anahtar Kelimeler: Beton plastikleşme hasar modeli, Değiştirilmiş basınç alanları 

teorisi, Doğrusal olmayan sonlu elemanlar analizi, Eğilme, Çelik lifli betonarme kiriş, 

Kesme ve eğilme kritik tasarım 
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1. Chapter 1 

Introduction 

1.1 General 

In the last 50 years fiber reinforced concrete has been used in a variety of non-structural 

members such as industrial floor slabs and concrete pavements.  A steel fiber is a 

reinforcing element which have a discrete and discontinued property [1]. Usage of 

steel fibers in concrete mixtures started more than 40 years ago. This material basically 

provides bridging mechanism between the cracks on the concrete [2] which is shifting 

the response from quasi-brittle to ductile [3] by sustaining the tensile loads [4] in the 

post cracking region. Moreover, it also increased the number of cracks [5], [6] 

(Figure 1.1), provided a resistance to crack propagation [4] (Figure 1.2), and reduced 

the crack spacing and width [4], [5], [6], [7], [8], [9]. Consequently, the cracking 

behavior is improved. 

 

 

              (a)                             (b) 

Figure 1.1: (a) Failure modes and crack patterns of concrete slab without fiber (b) 

and with fiber [4] 
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(a) 

 

(b) 

Figure 1.2: The crack pattern of beam specimens without fiber (a) and with fiber (b) 

[4] 

 

In the literature, the load carrying capacity was reported to be increased by 12 to 23% 

for various volumetric ratios of steel fiber additive [6] and the fibrous concrete 

exhibited an improvement in flexural toughness (energy absorption capacity) 

depending on increased deflection capacity  [10], [11] as illustrated in Figure 1.3. 

 

 

Figure 1.3: The experimental load-displacement relationships with C30 class of 

concrete  [10] 
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1.2 Literature Review 

Numerous experimental and numerical studies have been undertaken to examine the 

flexural performance of steel fiber reinforced concrete in the literature. A summary of 

notable studies conducted in this area is provided below: 

Çankaya and Akan (2023) [12] conducted both experimental and numerical 

investigations to observe how the inclusion of steel and PP fibers affects the bending 

behavior of RC beam elements. They produced eight RC beam specimens divided into 

two groups and subjected them to three-point bending tests with monotonically 

increasing loads. The beams were designed to have different tensile reinforcement 

ratios (0.86% and 1.30%), resulting in either flexural or shear critical sections. Among 

the specimens, three were selected as control samples without any fibers, while the 

remaining specimens included varying volumes (0%, 0.5%, and 1.0%) of steel or PP 

fibers. The experimental findings revealed that the existence of 0.5% fibers in densely 

reinforced beams enhanced shear strength and allowed the full utilization of flexural 

capacity. Whereas usage of 1% fiber increased the load carrying capacity by 10% as 

illustrated in Figure 1.4. The existence of PP fiber caused an increase in ductility as 

against steel fibers. Afterwards, once the experimental study was completed, the 

numerical study followed using nonlinear finite element method based on the modified 

compression field theory. The prediction of load-deflection response of steel fiber was 

in good agreement compared to the experimental response/results.  

 

Figure 1.4: Load-displacement response of concrete beams with and without fibers 

[12] 
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Singh et al. (2017) [13] conducted a comprehensive study, combining experimental 

and numerical approaches, to examine the flexural behavior of beams made of ultra-

high-performance fiber reinforced concrete (UHPFRC). The study involved testing 

four large-scale beams with varying cross sections and spans under both four- and 

three-point bending. The concrete used had a compressive strength of 140 MPa and a 

tensile strength of 5.8 MPa. To enhance the properties of the concrete, steel fibers were 

added with a volumetric fraction of 2.25% and an aspect ratio of 64. In the numerical 

analysis, the researchers utilized the ABAQUS non-linear finite element code and 

incorporated the concrete damaged plasticity (CDP) model to simulate the material 

behavior of UHPFRC in the finite element analysis. Material tests were conducted on 

the UHPFRC to determine its properties, which were essential inputs for the CDP 

model. The numerical results were then validated against the findings from the 

experimental study. In the numerical model, the concrete was represented using eight-

node reduced integration brick elements (C3D8R), while the reinforcements were 

simulated using three-dimensional truss elements (T3D2) with only axial deformation. 

The support and loading plates were modeled using eight-node brick elements 

(C3DR). The beam and support were modeled as surface-to-surface contact with a 

frictional coefficient of 0.1. The influence of mesh size was evaluated, and based on 

the mesh sensitivity analysis, an element size of 25 mm was taken. The experimental 

results demonstrated that all beam failures were attributed to the rupture of tensile 

reinforcement. The inclusion of long fibers enhanced the post-peak behavior. The 

numerical study using the CDP model accurately predicted the load carrying capacity 

and moment capacity of the ultra-high-performance fiber reinforced concrete beams, 

as depicted in Figure 1.5. Furthermore, the load-displacement response exhibited good 

agreement with the experimental data. 
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Figure 1.5: The load-displacement curves of experimental and numerical study [13] 

 

Earij et al. (2017) [14] conducted a numerical parametric study on two reinforced 

concrete beams selected from an experimental study for capturing an accurate load-

deflection response. For this purpose, three-dimensional models were created and 

analyzed by using explicit-dynamic time integration method in ABAQUS non-linear 

finite element software. The beams were subjected to cyclic four-point bending and 

the variables were (1) effect of mesh size, (2) element types for rebars and concrete 

material, (3) dilation angel, (4) tension softening model and (5) analyze type such as 

linear and non-linear. Based on the obtained results all listed variables had effects on 

the RC beam member response in terms of load-deflection curve and crack patterns.  

Yoo et al. (2017) [15] performed an experimental and numerical study on five large 

scale reinforced concrete beams. The beams were subjected to four-point bending to 

investigate the feasibility of replacing the minimum shear reinforcement by 0.75% of 

hooked end steel fibers having an aspect ratio of 65. There were three sets of beams 

categorized as small, medium, and large with respect to cross sectional dimensions and 

length. Three of the beams had steel fibers without stirrups and the rest were reinforced 

concrete beam with minimum stirrups and without fibers. The compressive strength of 

concrete with and without fiber was 72 and 67 MPa respectively. The tensile 

reinforcement ratios were 0.64% and 0.72%. Results have shown that the presence of 

0.75% of end hooked steel fiber capable to eliminate the minimum shear reinforcement 

and shift the failure mode from concrete crushing to steel bar rupture. The SFRC beams 

with no stirrup had higher flexural strength than the beams having stirrup w/o fibers. 
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However, SFRC beams had lower ultimate deflection and ductility capacity. The 

authors concluded that the using of steel fiber rather than stirrups on-site is not an easy 

work due to the difficulty in attaining quality control or assurance of steel fiber 

reinforced concrete. 

Yo and Yoon (2015) [16] performed an experimental and numerical study to 

investigate the flexural behavior of 10 reinforced UHPC beams with different type of 

steel fibers and different ratios of tensile reinforcement under four-point bending. The 

loads were applied monotonically. The tensile reinforcement ratios were 0.94% and 

1.50%. The concrete compressive strength was detected to be 200.9 MPa to 232.1 

MPa.  The used fibers were two types as smooth steel fiber with various lengths (13, 

19.5, 30 mm) and twisted steel fiber with 30 mm length. Steel fibers aspect ratio varied 

between 65 to 100 for smooth and 100 for twisted fibers. Based on the results, 

existence of steel fibers slightly reduced the load corresponding to first cracking and 

deflection due to inhomogeneous fiber dispersion. However, post-cracking stiffness 

and load carrying capacity were enhanced remarkably in case of having fibers. This 

was explained by bridging of cracks by the fibers. On the other hand, increase in length 

of smooth steel fibers and presence of twisted fibers ended up with increase in post-

peak response and ductility. Finally, due to crack localization phenomenon the beams 

with fibers performed a lower ductility index than that of the ones without fibers.  

Meda et al. (2012) [17] tested seven RC beams under four-point bending for 

investigating the contribution of steel fiber to the flexural behavior. The volume 

fractions of hook ended steel fiber were 0.38% and 0.76% (30 and 60 kg/m3) with 

aspect ratio of 50, and the tensile strength of steel fiber was 1100 MPa. The ratios of 

tensile reinforcement were 0.75% and 1.5% with yield stress 534 MPa and ultimate 

strength of 630 MPa. The compressive strength of plain concrete was 49.7 MPa. 

According to obtained results, the presence of steel fiber shifted the failure pattern 

from concrete crushing to steel rupture. In addition, as the volumetric fiber ratio 

increased the ductility decreased depending on the strain concentrations in the steel 

rebars. However, addition of fibers to the reinforced concrete improved the load 

bearing capacity under flexure and this enhancement relied on the ratio of fiber 

reinforced concrete toughness to tensile reinforcement ratio, and this ratio heavily 

affects the overall ductility.  
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Yang et al. (2010) [18] investigated flexural behavior of 14 ultra-high-performance 

concrete (UHPC) RC beams under four-point bending. UHPC included 2% steel fibers 

by volume and effects of UHPC placing or casting method and steel rebar ratios were 

examined. The beams had various tensile reinforcement ratios as 0.6%, 0.9%, 1.2%, 

1.31% and 1.96%. The compressive stresses of steel fiber reinforced concrete were in 

the range of 190.9 and 196.7 MPa, and the maximum equivalent tensile stresses were 

between 29.3 and 32.7 MPa. In the study two techniques were used to place the UHPC. 

Firstly, each beam -except for two specimens- was casted from one end of the mold 

and allowed to flow to the other end as shown in Figure 1.6. In the second approach, 

the UHPC was poured from the middle of the form and allowed to flow to both ends. 

The results showed that UHPC has the capacity to redistribute stresses and exposed to 

multiple cracks before fiber pullout. On the other hand, flexural capacity or the 

ultimate load was also noted to be affected from the casting method of UHPC. The 

beams having identical rebar ratio and cross-sectional dimensions but casted through 

the first technique exhibit 15% higher capacity than that of the beams casted by second 

approach. Finally, the steel fiber reinforced UHPC of used in the study performed 

effective ductile behavior owing to the yielding of rebar until flexural failure for the 

beams having low rebar ratios (<1.2%).  

 

  

Figure 1.6: Procedure for placing the UHPC [18] 

 

Ashour et al. (2000)  [19] performed an experimental study to investigate the flexural 

behavior of twenty-seven reinforced concrete beams that were subjected to four-point 

bending load.  For this purpose, the effect of reinforcement ratio, steel fiber content 

and compressive strength of concrete on the flexural behavior of reinforced concrete 

beams were assessed as variables. The compressive strength of concrete was detected 

to be 49, 79, and 102 MPa. The steel fiber contents were 0.0%, 0.5%, and 1%, and the 
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tensile reinforcement ratios were 1.18%, 1.77% and 2.37%. The results have shown 

the cracking, yielding, and ultimate moment capacities were enhanced as the fiber 

content increased. Furthermore, an increment in the steel fiber content and the concrete 

compressive strength yielded to increase in the flexural rigidity. Finally, the fiber 

improved the cracking pattern by reducing the width of cracks and increasing the 

number of cracks. Moreover, it increased the ductility and delayed the final crushing 

of concrete. The fibers had a remarkable enhancement in the ductility and post-

cracking stiffness for all the tested beams.  

Constitutive Models  

Some of the constitutive models developed for determination of steel fiber reinforced 

concrete response under tension and compression is summarized as follows:  

Lee et al. (2011) [20] proposed the Diverse Embedment Model (DEM) as a predictive 

tool in describing the tensile behavior of concrete having straight and hooked end steel 

fibers. The model incorporates the randomness of fiber embedment length and 

inclination angle, and accounts for the asymmetric anchorage of hooked end fibers in 

the constitutive relationship. It also takes into account the pullout characteristics of the 

fibers, including frictional bond behavior and mechanical anchorage. Verification 

studies have proven the effectiveness and accuracy of this model in predicting the 

relationship between tensile stress and crack width during uniaxial tension tests of 

specimens containing straight or hooked end steel fibers. 

Lee et al. (2013)  [21] introduced a simplified version of the Diverse Embedment 

Model (DEM) to eliminate the requirement for double numerical integration. This 

simplified model which is known as the Simplified Diverse Embedment Model 

(SDEM), was derived from the DEM by omitting the elongation of fibers and the 

variation of slip along the fiber. In addition, the model assumes that the slip on the 

shorter embedded side is equal to the crack width, while the slip on the longer 

embedded side is disregarded. Despite these simplifications, the authors reported that 

the SDEM provides an accurate representation of the direct tensile or flexural behavior 

of steel fiber reinforced concrete (SFRC) members with both straight and hooked end 

fibers. The necessary parameters to establish this model are (1) fiber length, (2) 
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distance between mechanical anchorages for hooked end fibers, (3) fiber volumetric 

ratio and aspect ratio and (4) the concrete compressive and cracking strength. 

Lee et al. (2015) [22] proposed a model that defines the stress-strain behavior of 

concrete material with hooked end steel fibers under compression. This model was 

developed through uniaxial compression tests. The experimental results revealed that 

the steel fiber reinforced concrete (SFRC) samples exhibited ductile behavior beyond 

the peak strength. An increase in both fiber volumetric ratio and aspect ratio led to an 

enhancement of the strain at compressive strength. However, it was observed that the 

elastic modulus decreased. The parameters required for the model to be employed 

include (1) fiber volumetric ratio, (2) fiber aspect ratio, and (3) concrete compressive 

strength. 

1.3 Objective and Scope 

The main objective of this study is to investigate the effectiveness of NLFE method 

on the bending behavior of SFRC beams using MCFT formulations and CDP model. 

This was accomplished through validation work which involved comparison of 

experimental outputs to the results obtained from the NLFE approach.  

This attempt was undertaken not only on beams prone to flexure failure, but also on 

beams with shear critical designs. For this purpose, an experimental study 

investigating the steel fiber additive effects on the bending behavior of flexure 

critically designed reinforced concrete beams with ultra-high strength concrete, was 

taken from the literature. Other than that, four additional large-scale beam specimens 

were produced and tested at the Structural Mechanics Laboratory of İzmir Katip Çelebi 

University. The beams were designed to be critical in shear and three out of four had 

hooked end steel fiber additive while the remaining one was conventionally reinforced 

with stirrups.  
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1.4 Organization 

Chapter 1: Introduction 

General information about the usage of steel fiber additive in structural engineering 

applications and aim and the scope are expressed. Also, a brief literature review on the 

experimental and numerical studies of fibrously reinforced concrete beams bending 

behavior is presented.  

Chapter 2: Finite Element Modeling 

Chapter starts with explaining the theoretical backgrounds of MCFT and CDP and 

followed by construction of numerical models using VecTor2 and ABAQUS software. 

The constitutive models defining the response of materials such as plain and fibrous 

concrete and steel are also discussed in this chapter.  

Chapter 3: Validation of FE model on Flexure Critic Beams 

Using Literature 

This chapter summarizes the selected experimental investigation from the literature. 

The obtained numerical analysis results were presented by a validation process with 

those of experimental. 

Chapter 4: Validation of FE model on Shear Critic Beams: An 

Experimental Work 

Details of the carried out experimental study were given. These included the 

reinforcement details, mechanical and physical properties of materials and the test 

setup. Finally, identical to Chapter 3, a validation process was performed using the 

numerically and experimentally obtained data.  

Chapter 5: Conclusions 

Findings of the conducted numerical and experimental study were presented.  
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2. Chapter 2 

Finite Element Modelling 

2.1 Introduction  

In this chapter, the numerical models of two groups steel fiber reinforced concrete 

beams were established. The first group beams were taken from the study conducted 

by [15] in which they were designed to be critical in flexure and subjected to four-

point bending. The second group beams, on the other hand, were critical in shear and 

constructed in the Structural Mechanics Laboratory of İzmir Katip Çelebi University. 

After construction of numerical models, the FE analyses were completed utilizing 

MCFT formulations and a plasticity-based continuum damage model through 

commercially available two and three-dimensional nonlinear finite element codes 

VecTor2 and ABAQUS. They were based on static/implicit and dynamic/explicit 

solution methods, respectively. Geometric non-linearity was taken into account in both 

types of analyses. Details about the modeling approaches are presented under the 

following titles. 

2.2 Numerical Methods 

2.2.1 The Modified Compression Field Theory (MCTF) 

Modified Compression Field Theory (MCFT) [23] is a theoretical framework 

developed for the analysis and design of reinforced concrete structures. It is an 

extension of the original Compression Field Theory (CFT) proposed by [24] in 1974, 

which explains the behavior of reinforced concrete under compression. MCFT 

provides a more accurate and comprehensive way of predicting the behavior of 
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reinforced concrete structures under various loading conditions. MCFT uses a smeared 

rotating crack approach for modelling cracked concrete. 

2.2.1.1 Assumptions 

The MCFT uses the following assumptions for deriving the formulations of element: 

(1) the reinforcement is distributed uniformly, (2) the cracks are uniformly distributed 

and rotating, (3) shear and normal stresses are applied uniformly, (4) the reinforcement 

and concrete are perfectly bonded, (5) the shear stresses in reinforcement are 

neglected, (6) the constitutive models of concrete and reinforcement are independent 

from each other.  

These assumptions allow MCFT to predict the behavior of reinforced concrete 

structures with reasonable accuracy under a wide range of loading conditions. 

However, it is important to note that the accuracy of the model may be affected if the 

assumptions are not met in practice. Therefore, it is important to apply MCFT with 

caution and verify the results with experimental data. 

2.2.1.2 The Relationships of Compatibility 

The relationships of compatibility relate to the average strain components of the 

concrete and reinforcement as illustrated in Figure 2.1. Assuming a perfect bond 

between concrete and reinforcement, that meaning the concrete experiences similar 

average strains as reinforcement does, as given in Equations (2.1), (2.2). 

 ԑ𝑥 =  ԑ𝑐𝑥 =  ԑ𝑠𝑥 (2.1) 

 ԑ𝑦 =  ԑ𝑐𝑦 =  ԑ𝑠𝑦 (2.2) 

The strain in any direction can be calculated if the strain components ԑ𝑥, ԑ𝑦, and 𝛾𝑥𝑦 

are available as shown in Figure 2.1.  
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Figure 2.1: Average concrete strains due to average stress-strain response of concrete 

[25]  

 

In the Figure 2.1, (ԑ𝑐1) is the average principal concrete tensile strain that is 

perpendicular to the cracks, (ԑ𝑐2) is the average principle concrete compressive strain 

that is parallel to cracks and (𝜃𝑐) is the principal strain direction. These parameters can 

be determined using the Mohr’s circle of strain that shown in Figure 2.2 using 

Equations (2.3), (2.4), and (2.5). 

 

 

Figure 2.2: Mohr’s circle for average strains [23] 
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 ε1 =  
(εx + εy)

2
+  

1

2
[(εy − εx)

2
+ γxy

2 ]
1
2 (2.3) 

 𝜀2 =  
(𝜀𝑥 + 𝜀𝑦)

2
−  

1

2
[(𝜀𝑦 − 𝜀𝑥)2 + 𝛾𝑥𝑦

2 ]
1
2 (2.4) 

 𝜃𝑐 =  
1

2
𝑡𝑎𝑛−1[

𝛾𝑥𝑦

𝜀𝑥 − 𝜀𝑦
] (2.5) 

2.2.1.3 Equilibrium Conditions 

The equilibrium equations can be obtained considering the free body diagram given in 

Figure 2.3 and are expressed by the Equations (2.6), (2.7) and (2.8). Additionally, 

Mohr’s circle of stress, Figure 2.4, can be utilized to relate the average concrete 

stresses (𝑓𝑐𝑥 and 𝑓𝑐𝑦) and the average principal concrete tensile (𝑓𝑐1) and compression 

stresses (𝑓𝑐2). The relations are presented by Equations (2.9), and (2.10). 

 

 

Figure 2.3: Free body diagram of reinforced concrete element [25] 
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Figure 2.4: Mohr’s circle for average concrete stresses [23] 

 

 𝜎𝑥 =  𝑓𝑐𝑥 +  𝜌𝑠𝑥𝑓𝑠𝑥 (2.6) 

 𝜎𝑦 =  𝑓𝑐𝑦 +  𝜌𝑠𝑦𝑓𝑠𝑦 (2.7) 

 𝜏𝑥𝑦 =  𝜈𝑐𝑥𝑦  (2.8) 

 𝑓𝑐𝑥 = 𝑓𝑐1  − 
𝜈𝑐𝑥𝑦

𝑡𝑎𝑛𝜃𝑐
 (2.9) 

 𝑓𝑐𝑦 = 𝑓𝑐1  −   𝜈𝑐𝑥𝑦 .  𝑡𝑎𝑛𝜃𝑐 (2.10) 

2.2.1.4 Constitutive Relations 

Constitutive relationships have a crucial role in establishing the correlation between 

average stresses and average strains for both concrete and reinforcement. The principal 

compressive stress in concrete (𝑓𝑐2) can be determined as a function of the principal 

compressive strain (𝜀2) and principal tensile strain ε1. The suggested function for this 

relationship, as proposed by [23], is presented in Equation (2.11), where 𝑓𝑐2𝑚𝑎𝑥 

represents the maximum principal compressive stress as in Equation (2.12). 
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Additionally, (𝜀𝑐
′) denotes the concrete strain corresponding to the peak stress (𝑓𝑐

′), and 

generally equal to 0.002. 

 𝑓𝑐2 = 𝑓𝑐2𝑚𝑎𝑥[2 (
𝜀2

𝜀𝑐
′
) − (

𝜀2

𝜀𝑐
′
)2] (2.11) 

 𝑓𝑐2𝑚𝑎𝑥 =  
𝑓𝑐

′

0.8 − 0.34
𝜀1
𝜀𝑐

′

 (2.12) 

The principal tensile stress in the concrete (𝑓𝑐1) is a function relates to the principal 

tensile strain (𝜀𝑐1). To determine this function, it is required to find the uniaxial 

cracking strength (𝑓𝑡
′) and the cracking strain (𝜀𝑐𝑟). When this value is not available it 

is can be estimated from Equations (2.13) and (2.14):  

 𝑓𝑡
′ = 0.33√𝑓𝑐

′ (2.13) 

 𝜀𝑐𝑟 =  
𝑓𝑡

′

𝐸𝑐
 (2.14) 

Where 𝐸𝑐 is the concrete elastic modulus (found from the slope of initial tangent line) 

and can be calculated using Equation (2.15): 

 𝐸𝐶 = 5000√𝑓𝑐
′ (2.15) 

The concrete exhibits linear-elastic behavior before cracking in tension and principal 

tensile stress is calculated as Equation (2.16): 

 𝑓𝑐1 =  𝐸𝑐 . 𝜀𝑐1 for 0 < 𝜀𝑐1 < 𝜀𝑐𝑟 (2.16) 

Tensile stresses may exist even after cracking of concrete due to the perfect bond 

between reinforcement and concrete. This phenomenon is known as tension stiffening 

and the proposed relationship by the MCFT is as given in Equation (2.17): 

 𝑓𝑐1 =
𝑓𝑡

′

1 + √200𝜀𝑐1

 (2.17) 
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The MCFT utilizes average stress-strain to model a bilinear relationship of the 

reinforcement in compression and tension. The initial portion behaves linear elastic 

until yield stress, as Equation (2.18): 

 𝑓𝑠 =  𝐸𝑠. 𝜀𝑠 ≤ 𝑓𝑠𝑦𝑖𝑒𝑙𝑑 (2.18) 

2.2.2 Concrete Damaged Plasticity (CDP) Model  

This plasticity-based continuum damage model follows a non-associated plastic flow 

rule and employs the yield function proposed by [26] which was later revised by [27]. 

In CDP model, the material behavior is controlled not only by plasticity but also the 

two major failure mechanisms as tension cracking and compression crushing, 

Figure 2.5 and Figure 2.6 [28]. These failure mechanisms described by strain softening 

branch of material and result in isotropic (scalar) stiffness degradation or damage “d”.  

The degraded stiffness (E) is presented by Equation (2.19) where d is the damage 

parameter which is ranging from 0 (undamaged) to 1 (fully damaged), and E0 is the 

undamaged elastic stiffness.  

 𝐸 = (1 − 𝑑)𝐸0 (2.19) 

In the current study, d was defined based on the relatively simple damage model 

proposed by [26].  According to model, degradation occurs only in the softening region 

and can be specified for tension and compression as shown in Equation (2.20) [29], 

[30].  

 𝑑 = 1 − 𝜎
𝑓⁄  (2.20) 

In the Equation, f is either tensile or compressive strength of concrete material and σ 

is the current stress level.  
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2.2.2.1 Compressive Behavior  

Under uniaxial compression the curve of stress-strain is linear elastic until the value of 

initial yield. In the plastic zone the behavior is presented by stress hardening followed 

by strain softening after the maximum stress and the compressive response is given by 

Equation (2.21).  

 𝜎𝑐 = 𝐸0(1 − 𝑑𝑐)(𝜀𝐶 − 𝜀𝐶
𝑝𝑙

) (2.21) 

In the Equation, 𝜀𝐶 and 𝜀𝐶
𝑝𝑙

 stands for total compressive strain and equivalent plastic 

strain which is automatically calculated by ABAQUS using equation (2.22) in which 

𝜀𝑐
𝑖𝑛 is inelastic strain. The inelastic strain is specified by extracting the elastic strain 

from the total strain as Equation (2.23), and the elastic strain is calculated by Equation 

(2.24). 

 𝜀𝑐
𝑝𝑙

= 𝜀𝑐
𝑖𝑛 −

𝑑𝑐

(1 − 𝑑𝑐)

𝜎𝑐

𝐸0
 (2.22) 

 𝜀𝑐
𝑖𝑛 =  𝜀𝑐 − 𝜀0𝑐

𝑒𝑙  (2.23) 

 𝜀0𝑐
𝑒𝑙 = 𝜎𝑐/𝐸0 (2.24) 

 

Figure 2.5: Compressive stress-inelastic strain curve [28] 
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2.2.2.2 Tension Stiffening 

Uniaxial tension response is linear elastic until the value of cracking strength (failure 

stress). Once the strength is being reached softening in stress-strain response will be 

activated depending on the emerging of cracks. Behavior is governed by Equation 

(2.25). 

 𝜎𝑡 =  𝐸0(1 − 𝑑𝑡)(𝜀𝑡 − 𝜀𝑡
𝑝𝑙

) (2.25) 

The post-failure is modeled considering the tension stiffening which allows 

determination of the strain-softening behavior for cracked concrete. It can be specified 

using either a fracture energy cracking criterion or post-failure stress-strain relation. 

Determination of tension stiffening is important in capturing the accurate results. 

2.2.2.2.1 Post-failure stress-strain relationships 

The behavior in the post-failure region is determined by the relation between the post-

failure stress and cracking strain. The cracking strain (𝜀𝑡
𝑐𝑘)is detected by extracting 

the elastic strain from the total strain as given in Equation (2.26). The elastic strain 

stands for the virgin material and can be computed by the Equation (2.27). ABAQUS 

converts the cracking strain into the plastic strain(𝜀𝑡
𝑝𝑙

) using Equation (2.28). In here, 

it should be noted that the plastic strain should not be take any negative values and/or 

decrease with increasing cracking strain since it will lead to error in the analysis.  

 𝜀𝑡
𝑐𝑘 =  𝜀𝑡 − 𝜀0𝑡

𝑒𝑙  (2.26) 

 𝜀0𝑡
𝑒𝑙 =  

𝜎𝑡

𝐸0
 (2.27) 

 𝜀𝑡
𝑝𝑙

=  𝜀𝑡
𝑐𝑘 −  

𝑑𝑡

(1 − 𝑑𝑡)

𝜎𝑡

𝐸0
 (2.28) 
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Figure 2.6: Cracking strain used for definition of tension stiffening data [28] 

 

2.2.2.2.2 Fracture energy cracking criterion 

Hillerborg (1976) [31] introduced the fracture energy (GF) as a material parameter and 

expressed it as the energy required to create a unit area of crack. In this approach, the 

response of concrete is determined by using the stress-displacement response instead 

of the stress-strain response. The fracture energy cracking model can be generated by 

tabularization of the post-failure stress versus cracking displacement as illustrated in 

Figure 2.7. 

 

 

Figure 2.7: Post-failure stress versus displacement curve [28] 
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ABAQUS automatically acquires the plastic displacement (𝑢𝑡
𝑝𝑙

) through the cracking 

displacement (𝑢𝑡
𝑝𝑙

) as given in Equation (2.29) where l0 is the sample length and 

assumed to be one unit length l0 = 1. 

 𝑢𝑡
𝑝𝑙

= 𝑢𝑡
𝑐𝑘 −

𝑑𝑡

(1 − 𝑑𝑡)

𝜎𝑡𝑙0

𝐸0
 (2.29) 

In the current study, the fracture energy cracking criterion method was adopted. 

2.2.2.3 Concrete plasticity 

The non-associated plastic flow rule described below is employed in the CDP model 

by Equation (2.30): 

 𝜀�̇� =  �̇�  
𝜕𝐺

𝜕𝜎
   (2.30) 

Where 𝜎 and 𝜀�̇� referto the stress and plastic strain rate tensors, respectively, �̇� is 

plastic multiplier, and flow potential G is the Drucker-Prager hyperbolic function 

given in Equation (2.31). 

 𝐺 =  √(𝜖𝜎𝑡0𝑡𝑎𝑛𝜓)2 + 𝑞
2

− 𝑝. 𝑡𝑎𝑛 𝜓 (2.31) 

𝑝 and 𝑞 are the hydrostatic pressure stress and the Mises equivalent effective stress as 

expressed in Equation (2.32) and (2.33) respectively. 𝜓 is the dilation angle measured 

at high confining pressure in the 𝑝-𝑞 plane. In the current study the dilation angle is 

selected as 35 degrees based on the sensitivity analysis. 𝜎𝑡0 is the uniaxial tensile stress 

at failure. 𝜖 is a parameter, referred to the eccentricity, which defines the rate at which 

the function approaches the asymptote. The default value of the eccentricity is 0.1 and 

was taken in the current study. When the value of flow potential eccentricity is 

significantly smaller than the default value, it might cause convergence problems. 
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 𝑝 =  −
1

3
trace(σ̅) (2.32) 

 𝑞 =  √
3

2
‖dev(σ̅)‖ (2.33) 

In Equation (2.32 and 2.33), σ̅ is the effective stress calculated from Equation (2.34) 

where 𝐷0
𝑒𝑙 is the initial elasticity matrix. 

 σ̅ =  𝐷0
𝑒𝑙: (𝜀 − 𝜀𝑝𝑙) (2.34) 

2.2.2.3.1 Yield Function 

The CDP model uses the yield function proposed by [26] with the revision suggested 

by [27] to account for the various loading cases causing different strength behavior 

under compression and tension. The development of the yield surface is controlled by 

the hardening variables 𝜀�̃�
𝑝𝑙

 and 𝜀�̃�
𝑝𝑙

. The yield function takes the form as given in 

Equation (2.35) in terms of effective stress with 𝛼, 𝛽 and 𝛾 parameters which is 

presented by Equation (2.36), (2.37) and (2.38).  

 𝐹 =  
1

1−𝛼
(�̅� − 3𝛼�̅� + 𝛽(𝜀̃𝑝𝑙)(�̂̅�𝑚𝑎𝑥) − 𝛾(−�̂̅�𝑚𝑎𝑥)) − �̅�𝑐(𝜀�̃�

𝑝𝑙
) = 0         (2.35) 

 𝛼 = ((
𝜎𝑏0

𝜎𝑐0
) − 1)/(2 (

𝜎𝑏0

𝜎𝑐0
) − 1) ,0 ≤ 𝛼 ≤ 0.5 (2.36) 

 𝛽 =  
�̅�𝑐(𝜀�̃�

𝑝𝑙
)

�̅�𝑡(𝜀�̃�
𝑝𝑙

)
(1 − 𝛼) − (1 + 𝛼) (2.37) 

 𝛾 =
3(1 − 𝐾𝑐)

2𝐾𝑐 − 1
 (2.38) 

In Equation (2.35), �̂̅�𝑚𝑎𝑥 is the maximum principle effective stress. 
𝜎𝑏0

𝜎𝑐0
  is the ratio of 

initial equi-biaxial compressive yield stress to initial uniaxial compressive yield stress, 

the default value of 1.16 selected in this study. 𝐾𝑐 is the ratio of the second stress 

invariant on the tensile meridian q(TM) to the second stress invariant on the compressive 

meridian q(CM), the values of it shown in Figure 2.8 at any value of the hydrostatic 
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stress. The default value is 2/3 which is used in this study. �̅�𝑡(𝜀�̃�
𝑝𝑙

) and �̅�𝑐(𝜀�̃�
𝑝𝑙

) are the 

effective tensile cohesion stress and the effective compressive cohesion stress, 

respectively. Typical yield surfaces illustrated in Figure 2.8 and Figure 2.9 in the 

deviatoric plane and in the plane stress conditions, respectively. 

 

 

Figure 2.8: Yield surfaces in the deviatoric plane showing various Kc values [28] 

 

 

Figure 2.9: Yield surface in plane stress [28] 
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In the analysis the parameters used in CDP model for Plasticity is summarized in 

Table 2.1 below.  

 

Table 2.1: The Parameters of Plasticity 

Dilation Angle Eccentricity 𝜎𝑏0/𝜎𝑐0 Kc 

35 0.1 1.16 2/3 

 

2.3 Development of Finite Element Model in VecTor2 

Four and three-point bending test simulations were developed by the preprocessor 

FormWorks and analyzed through two-dimensional nonlinear finite element code 

VecTor2 [25]. Full-scale models were established as illustrated in Figure 2.10. 

Rectangular elements with four nodes and truss bar elements with two nodes were used 

to simulate the concrete and rebars, respectively. A perfect bond was assumed to model 

the interaction between concrete and rebar. The compressive and tensile responses of 

plain and fibrous concrete are represented by the models given in Table 2.2. The steel 

reinforcements were defined using the models presented in Table 2.3. The available 

mechanical and physical properties of concrete, steel reinforcement, and fibers were 

taken from the conducted material tests and given in Chapters 3 and 4. The default 

values for the other necessary parameters were used as in [25]. Pin and roller supports 

were not modeled explicitly, but instead; translational and rotational restrictions were 

given to the required nodes. The static load was increased by 0.1 mm displacement 

steps. In the preprocessor, the existing crack spacing/allocation formulations, such as 

CEB-FIB 1978 or Eurocode 2, were derived only for the plain reinforced concrete 

members, which do not have any fiber content. Therefore, the average crack spacings 

in fibrous beams were found by visual inspection and given in Table 2.4. Naming 

convention of beams are given in Chapter 3 and 4. 

 

 



25 

 

 

Table 2.2: The models used to define the response of plain and fibrous concrete 

Material Property Model 

Concrete - Compression Pre-

Peak 

Beams w/o fibers: Popovics (HSC) 

Beams w/SF: Lee et al 2011 (FRC) 

Concrete - Compression Post-

Peak 

Beams w/o fiber and w/stirrups: Modified Kent-Park 

Beams w/o fiber and stirrups: Base curve 

Beams w/SF: Lee et al 2011 (FRC) 

Concrete – Compression 

Softening 
Vecchio 1992-A (e1/e2 form) 

Concrete – Tension Stiffening Lee 2010 (w/ Post-Yield) 

Concrete – Tension Softening 
Beams w/o fiber: Bilinear 

Beams w/SF: Exponential 

FRC Tension SDEM – Monotonic 

 

Table 2.3: The models were used to define the response of steel reinforcement 

Material Property Model 

Rebar Dowel Action Tassios (Crack Slip) 

Rebar Buckling Akkaya 2012 (Modified Dhakal- Maekawa) 

 

Table 2.4: The average crack spacing of fibrous beam specimens 

 
Specimen 

S M L B2 B3 B4 

Average crack spacing (mm) 130 150 161 100 121 115 
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(a) 

 

(b) 

Figure 2.10: FE model of (a) reinforced concrete beam with stirrups (b) and fibrous 

concrete without stirrups  

 

2.4 Development of Finite Element Model in ABAQUS 

Next, four and three-point bending test simulations were conducted by three 

dimensional ABAQUS/Explicit NLFE software. Full-scale models were created. 

Construction of numerical models are explained in detail as follows.  

2.4.1 Reinforced Concrete Beams 

The behavior of concrete material was described by the concrete damage plasticity 

model (CDP). Eight node linear brick elements with reduced integration points were 

selected to construct the concrete beam parts as shown Figure 2.11 (left) and (right). 

Such type of solid elements decreases the analysis duration and can be utilized for 

complex nonlinear analyses including plasticity and large deformation. Therefore, 

C3D8R element type was selected. 

 

-1.0 

-1.0 -1.0 
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Figure 2.11: (Left) Solid element with reduced integration point, (Right) 3D Solid 

concrete beam part  

 

2.4.2 Modeling the Compressive Response of Concrete 

2.4.2.1 Concrete in the Selected Study  

The compression test results of cylinder plain and fibrous concrete samples were 

directly taken from the selected study [15] and drawn in Figure 2.12 and Figure 2.13. 

Based on Equations (23) and (24) the response was converted into stress versus 

inelastic strain. Elastic modulus of both type concretes were computed through 

Equations (2.39) and (40) as suggested by [32] and [22], respectively. 

 𝐸𝑐 = 2.15 × 104((
𝑓𝑐

′

10
)

1
3 (2.39) 

 𝐸𝑐 = (−367𝑉𝑓

𝑙𝑓

𝑑𝑓
+ 5520) 𝑓𝑐

′0.41 (2.40) 
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Figure 2.12: Compression behavior of plain concrete (taken from [15]) 

 

 

Figure 2.13: Compression behavior of concrete with fiber (taken from [15]) 

 

2.4.2.2 Concrete in the Conducted Laboratory Work 

Compression behavior of plain concrete was modeled using Popovics (HSC) parabola 

[33] associated with the Kent and Park model [34]. Popovics (HSC) parabola was used 

until the peak stress corresponding to 0.002 strain. Afterwards, Kent and Park model 

followed beyond the maximum stress standing for confined concrete behavior as given 

in Figure 2.14. The compression stress-strain relationship proposed by Popovics is 
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expressed by Equation (2.41, 2.42 and 2.43) while Kent model is stated by Equations 

(2.44, 2.45, 2.46, and 2.47). The elastic modulus of the concrete is estimated via 

Equation (2.39). Where bw is with of section, and s is the tie spacing in the Equation 

(2.47). 

 
𝑓𝑐 =  (

𝜀𝑐

𝜀0
) 𝑓𝑐

′  
𝑛

𝑛 − 1 + (
𝜀𝑐

𝜀0
)𝑛𝑘

 𝑓𝑜𝑟 𝜀𝑐 <  𝜀0 
(2.41) 

 𝑛 = 0.80 + 
𝑓𝑐

′

17
 (2.42) 

 k=1 for  𝜀𝑐 <  𝜀0 (2.43) 

 𝑓𝑐 = 𝑓𝑐
′(1 − 𝑍(𝜀𝑐 − 𝜀0)) for  𝜀𝑐 >  𝜀0 (2.44) 

 𝑍 =  
0.5

𝜀50𝑢 + 𝜀50ℎ − 0.002
 (2.45) 

 𝜀50𝑢 =  
3 + 0.29 𝑓𝑐

′

145 𝑓𝑐
′ − 1000

 (2.46) 

 𝜀50ℎ =  
3

4
𝜌𝑠√

𝑏𝑤

𝑠
 (2.47) 

 

 

Figure 2.14: Analytically calculated compressive behavior of confined plain concrete 
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Compressive response of FRC was modeled using Lee model [22], Figure 2.15. The 

stress-strain relationship proposed by Lee is expressed in Equations (2.48, 2.49, 2.50, 

2.51, and 2.52) in which Vf is the volumetric fiber ratio, lf and df are the length and 

diameter of steel fiber, respectively. The modulus of elasticity of the fibrous concrete 

is computed through Equation (2.40). 

 𝑓𝑐 =  𝑓𝑐
′(

𝐴 (
𝜀𝑐

𝜀0
)

𝐴 − 1 + (𝜀𝑐/𝜀0)𝐵
) (2.48) 

 
𝐴 = 𝐵 =  

1

1 − (
𝑓𝑐

′

𝜀0𝐸𝑐
)

 for
𝜀𝑐

𝜀0
≤ 1.0 

(2.49) 

 𝐴 = 1 + 0.723(𝑉𝑓
𝑙𝑓

𝑑𝑓
)−0.957 for 

𝜀𝑐

𝜀0
> 1.0 (2.50) 

 𝐵 = (
𝑓𝑐

′

50
)0.064(1 + 0.882 (𝑉𝑓

𝑙𝑓

𝑑𝑓
)−0.882) ≥ 𝐴 in Equation (2.50) for 

𝜀𝑐

𝜀0
> 1.0 (2.51) 

 𝜀0 = (0.0003𝑉𝑓

𝑙𝑓

𝑑𝑓
+ 0.0018) 𝑓𝑐

′0.12 (2.52) 

 

 

Figure 2.15: Analytically calculated compression behavior of fibrous concrete 
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2.4.3 Modeling the Tensile Response of Concrete 

In all analyses, tension stiffening effect was also considered through a fracture energy 

dependent model proposed by Hordijk [35] for plain concrete and the SDEM model 

proposed by Lee [21] for fibrous concrete. In the Hordijk model, tension stress versus 

crack opening width relationship is expressed by Equation (2.53), and the calculated 

curve is presented in Figure 2.16. In Equation (2.53), wt is crack opening width; wcr is 

the crack opening width at the complete loss of tensile stress and given by Equation 

(2.54); 𝜎𝑡 tensile stress normal to crack direction, ft concrete uniaxial tensile strength 

and c1 =3.0 and c2 = 6.93 are constants determined from tensile tests of concrete. CEB-

FIP (1991) model [32], was used in this report to determine GF by Equations (2.55) in 

which da is the maximum aggregate size of concrete. The Poisson’s ratio (ν) was taken 

as 0.2. In the selected study, the direct tensile strength of plain concrete was calculated 

using Equation (2.56) which suggested by [32]. 

 
𝜎𝑡

𝑓𝑡
= (1 + (𝑐1

𝑤𝑡

𝑤𝑐𝑟
)3) 𝑒

(−𝑐2
𝑤𝑡

𝑤𝑐𝑟
)

−
𝑤𝑡

𝑤𝑐𝑟
(1 + 𝑐1

3)𝑒(−𝑐2) (2.53) 

 𝑤𝑐𝑟 = 5.14
𝐺𝐹

𝑓𝑡
 (2.54) 

 𝐺𝐹 = (0.0469𝑑𝑎
2 − 0.5𝑑𝑎 + 26)(

𝑓𝑐
′

10
)0.7 (N/mm) (2.55) 

 𝑓𝑡 = 1.4 × (
𝑓𝑐

′

10
)

2
3 (2.56) 
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Figure 2.16: Calculated tensile behavior of plain concrete using [35] 

 

On the other hand, tension stress versus crack opening width relationship of fibrous 

concrete is calculated based on SDEM model and presented in Figure 2.17. The tensile 

strength of concrete having steel fiber is expressed in Equation (2.57), where 𝑓𝑓 is the 

tensile stress carried by steel fiber and  𝑓𝑐𝑡 presents the tensile stress provided by the 

concrete portion, Equation (2.58). In here it should be noted that, 𝑓𝑓 = 𝑓𝑠𝑡 for straight 

fibers, 𝑓𝑓 = 𝑓𝑠𝑡 + 𝑓𝑒ℎ for hooked-end fibers. 𝑓𝑠𝑡 and 𝑓𝑒ℎ  presents the tensile stresses 

attained by fibers due to frictional bond behavior and mechanical anchorage effect, 

respectively and given in Equation (2.59 and 2.60). In these Equations, 𝛼𝑓 is the fiber 

orientation factor that can be assumed to be 0.5, 𝐾𝑠𝑡 and 𝐾𝑒ℎ are the factors to represent 

average pullout stresses of fiber due to frictional bond behavior and mechanical 

anchorage of hooked-end fiber, respectively. Additionally, 𝜏𝑓,𝑚𝑎𝑥 and 𝜏𝑒ℎ,𝑚𝑎𝑥 are the 

frictional bond strength and the mechanical anchorage strength, 𝑙𝑖 stands for the 

distance between mechanical anchorages for hooked end fiber. Finally, for plain 

concrete the coefficient c in Equation (2.58) is 15. In the selected study, the equivalent 

direct strength of fibrous concrete was calculated by converting the tensile strength 

obtained from four-point beam as suggested by [36]. 

 𝑓𝑆𝐹𝑅𝐶 = 𝑓𝑓 + 𝑓𝑐𝑡 (2.57) 
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 𝑓𝑐𝑡 =  𝑓𝑐𝑟𝑒−𝑐𝑤𝑐𝑟 (2.58) 

 𝑓𝑠𝑡 =  𝛼𝑓𝑉𝑓𝐾𝑠𝑡𝜏𝑓,𝑚𝑎𝑥

𝑙𝑓

𝑑𝑓
(1 −

2𝑤𝑐𝑟

𝑙𝑓
)2 (2.59) 

 𝑓𝑒ℎ =  𝛼𝑓𝑉𝑓𝐾𝑒ℎ𝜏𝑒ℎ,𝑚𝑎𝑥

2(𝑙𝑖 − 2𝑤𝑐𝑟)

𝑑𝑓
 (2.60) 

 

 

Figure 2.17: Calculated tensile response of concrete with hooked-end fibers using 

[21] 

 

2.4.4 Support and Load Plates 

Support conditions and loading plates were explicitly modeled using eight node brick 

elements with reduced integration (C3D8R) as rectangular prisms with the dimension 

of 300x300x50 mm in length, width, and thickness, respectively. The load is applied 

as an incremental displacement using the middle plates at the top of beam as illustrated 

in Figure 2.18. The interaction between the plates and the beam specimens was 

provided by tie constraint and general contact explicit with frictional coefficient of 

0.57 to inspect the effect of these two techniques on the results. 



34 

 

 

Figure 2.18: The FE model of the beam with two loading plates at top 

 

2.4.5 Steel Reinforcement Rebars 

Modeling of rebars was conducted using 3D two node linear beam elements (B31) as 

shown in Figure 2.19 (a). Additionally, Figure 2.19 (b) presents the steel reinforcement 

part. The embedded element technique was used to establish perfect bond between 

concrete brick elements and steel reinforcement beam elements. For this purpose, 

concrete elements were selected to be host elements while steel reinforcement was 

being embedded to the host material. 

 

                                               (a) 
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(b) 

Figure 2.19: (a) 3D two node linear beam elements, (b) and steel reinforcement part 

 

The stress-strain relationship of steel reinforcements was established using the 

piecewise functions provided in the Turkish Building Earthquake Code (TBEC) 2018 

[37] and then converted into true stress-strain curve as specified in the ABAQUS 

manual using Equations (2.61) and (2.62), Figure 2.20 (a). In the Equations 𝜎𝑡𝑟𝑢𝑒 is 

the true stress, 𝜎𝑛𝑜𝑚 is the engineering or nominal stress while 𝜀𝑡𝑟𝑢𝑒 is the true strain, 

and 𝜀𝑛𝑜𝑚 is the engineering strain. The plastic range of material behavior was 

introduced to ABAQUS by subtracting the elastic strain from the overall strain as 

shown in Equation (2.63) where Es is the modulus of elasticity of the steel, Figure 2.20 

(b).  

 𝜎𝑡𝑟𝑢𝑒 =  𝜎𝑛𝑜𝑚(1 + 𝜀𝑛𝑜𝑚) (2.61) 

 𝜀𝑡𝑟𝑢𝑒 = ln(1 + 𝜀𝑛𝑜𝑚) (2.62) 

 𝜀𝑝𝑙𝑎𝑠𝑡𝑖𝑐 =  𝜀𝑡𝑟𝑢𝑒 − (
𝜎𝑡𝑟𝑢𝑒

𝐸𝑆
)        (2.63) 
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 (a) (b) 

Figure 2.20: (a) The true and engineering model of steel reinforcements with a yield 

strength of 490 MPa, (b) and true plastic stress-strain curve  
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3. Chapter 3 

Validation of FE model on Flexure 

Critic Beams Using Literature 

3.1 Introduction 

This chapter presents the results of MCTF, and plasticity based NLFE analyses of 

beams critical in flexure. In here, a parametric study was also performed by ABAQUS 

to understand the effect of contact type, tension stiffening models of fibrous concrete 

and mesh size on the response under quasi-static load. Once the results were obtained, 

a validation job of both theoretical approaches was done. Here, validation of finite 

element method refers to the process of verifying the accuracy, sensitivity and 

reliability of the constructed finite element models by comparing its predictions with 

those of experimental.  

3.2 Preparation of Test Specimens 

The study conducted by [15], included the four-point bending tests of five simply 

supported RC beams, Figure 3.1, and two of them had plain concrete with stirrups 

while the rest had fibrous concrete without stirrups. Three different sizes of beams 

were manufactured to evaluate the size effect. The dimensions are summarized in 

Table 3.1.  
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Figure 3.1: Specimen geometry and reinforcement details [15] 

 

Table 3.1: Dimensions of test specimens 

 Lt (mm) Lcs (mm) h (mm) b (mm) d (mm) 

S-N 2000 1700 250 150 197 

S-SF 2000 1700 250 150 197 

M-SF 3200 2550 350 210 294 

L-N 4400 3700 500 300 442 

L-SF 4400 3700 500 300 442 

 

The symbols “S”, “M” and “L” refers to small, medium, and large beam sizes, 

respectively. And the symbols N and SF stand for concrete w/o fiber and w/fiber 

respectively. The reinforcement ratios were selected between 0.64% and 0.72%. The 

mechanical and physical properties of rebars are summarized in Table 3.2. A minimum 

amount of transverse reinforcement was employed in the beams having plain concrete 

to prevent the brittle shear failure. However, no shear reinforcement was used in the 

beams having concrete w/fibers to investigate the contribution of hooked end steel 

fibers to the shear strength. 
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Table 3.2: The details and properties of steel reinforcing 

 (D#)  
Reinforcement 

ratio ρ (%) 

AS 

(mm2) 

fy 

(Mpa) 

Es 

(GPa) εy εu 
s 

(mm) 

S-N D10 0.72 3x71.3 491 200 0.0025 0.20 98 

S-SF D10 0.72 3x71.3 491 200 0.0025 0.20 - 

M-SF D16 0.64 2x198.6 510 200 0.0026 0.19 - 

L-N D19 0.65 3x286.5 473 200 0.0024 0.19 220 

L-SF D19 0.65 3x286.5 473 200 0.0024 0.19 - 

 

3.3. Experiments 

The compressive strength of plain and fibrous concrete was detected to be 67 and 72 

MPa, respectively. The hooked end steel fibers have a diameter of 0.55 mm and length 

of 35 mm. Volumetric fraction of steel fiber was selected to be 0.75% based on the 

recommendations of  [38] for all SFRC beams. The mechanical and physical properties 

of hooked end steel fiber are summarized in Table 3.3.  

 

Table 3.3: Properties of hooked steel fibers 

 
Diameter 

df (mm)  

Length lf 

(mm) 

Aspect 

Ratio 

(lf/df) 

Density 

(g/cm3) 

Tensile 

Strength 

(MPa) 

Elastic 

Modulus 

(GPa) 

Hooked 

steel 

fiber 

0.55 35 65 7.9 1400 200 

 

Four-point loading tests were performed via displacement controlled universal testing 

machine (UTM) with a maximum capacity of 2000 kN, Figure 3.2. The applied load, 

mid-span deflection and strain occurring in steel reinforcement were recorded 

instantaneously by a data acquisition device. The results included load-displacement 

response, failure modes and crack patterns, to validate the numerical models. 
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Figure 3.2: Four point bending structural test set up [15] 

 

3.4 Results and Discussion 

3.4.1 Predicted Response using Plasticity Analysis (ABAQUS) 

3.4.1.1 Parametric Study 

The effects of contact type, tension stiffening model and mesh sensitivity to the FE 

analysis results of the small size SFRC beams were investigated.  

3.4.1.1.1 Contact Type 

As mentioned in Section 2.4.4, the interaction between beam specimens and plates was 

modeled using two different methods to understand their effect on the FE analysis. 

First a general contact explicit was used with tangential and normal behavior. A 

tangential behavior was defined using a penalty friction with friction coefficient of 

0.57 as suggested by [39]. In addition, normal behavior was introduced by hard 

contact. Next, a tie constraint interaction technique was used by defining a master and 

slave surface. The surfaces were selected according to the element stiffness in which 

the elements having higher material stiffness were defined to be master and the other 

elements were assigned to be slave. Therefore, concrete was selected as slave surface, 

and steel plates were selected as master surface. The load-deflection curves obtained 
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from both contact types were illustrated in Figure 3.3. In addition, the analysis results 

were summarized in Table 3.4. It can be inferred that the required analysis time for tie 

constraint interaction was  ylthgils lower than the general contact explicit. However, 

when the accuracy of peak load estimation and its corresponding deflection 

considered, general contact type resulted in more accurate outcomes. Therefore, the 

general contact explicit type of interaction model was selected in the current study. 

 

Table 3.4: The effect of contact type on the FE analysis results 

 Experiment 

Contact Type 

General Contact 

Explicit 
Tie Restraint 

Peak Load (kN) 107.3 101.1 100.6 

Deflection at 

Peak Load (mm) 
5.5 5.3 4.6 

Computation 

Time (s) 
- 4638 3768 

 

 

Figure 3.3: Comparison of load-deflection response of small SFRC beam with 

different contact types 
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3.4.1.1.2 Tension Stiffening Models 

Two different tension stiffening models were utilized for the analysis, namely: (1) 

SDEM [21] and (2) Fib Model Code 2010 [40].  Both methods depend on fracture 

energy, and it is calculated using the relation of tensile stress versus crack width. This 

relationship defines the tensile behavior of fibrous concrete in the numerical model, as 

shown in Figure 3.4. Using the models fracture energy was computed at a crack width 

of 5 mm and presented in Table 3.5. On the other hand, the load-displacement response 

of the specimen was illustrated in Figure 3.5. It can be observed from the results that 

the SDEM model captured the response of the beam specimen more accurately than 

FIB model, where the FIB model caused an overestimation in the post-yield region. 

This is due to the higher fracture energy calculated from the FIB model as shown in 

Table 3.5. Therefore, the SDEM model was selected in the current study. 

 

 

Figure 3.4: Calculated tensile behavior of fibrous concrete using SDEM and FIB 

Model Code 2010 
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Table 3.5: The computed fracture energies 

 Tension Stiffening Model 

Calculated Fracture 

Energy @5 mm crack 

width (N/mm) 

FIB Model Code 2010 8.33 

SDEM 5.64 

 

 
Figure 3.5: Comparison of load-deflection response of small SFRC beam with 

different tension stiffening models 

 

3.4.1.1.3 Mesh Sensitivity 

A mesh convergence study was performed to find the mesh size that yields the most 

accurate results with the minimum amount of computational resources. For this 

purpose, different mesh sizes such as 50, 35, 25, 15 and 10 were modeled for small 

size SFRC beam and analyses were carried out until 50 mm mid-span deflection. As 

can be understood from Table 3.6, the beams with mesh sizes 25, 35 and 50 slightly 

underestimated the peak load and at least five times overestimated the corresponding 

deflection. However, the peak load and corresponding deflection was acceptably 

predicted when 10- and 15-mm mesh sizes were used. In addition, these two mesh 
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sizes could represent the actual response more successfully than the rest, Figure 3.6.  

Finally, considering the required solution time the analysis having 10 mm mesh size 

was eliminated. Therefore, the optimum mesh size was selected to be 15 mm while 

modeling the small beams in this study. Identically, the rest of the beams were 

investigated, and based on the results 15- and 20-mm mesh sizes were adopted for the 

medium and large beams, respectively. Finally, the detected mesh sizes were used in 

both software, ABAQUS and VecTor2.  

 

Table 3.6: The effect of mesh size on the result of the SFRC beam 

 Experiment 
Mesh Size 

10 15 25 35 50 

Peak Load (kN) 107.3 107.03 101.1 98.4 95.2 94.3 

Deflection at 

Peak Load (mm) 
5.5 5.3 5.3 28.4 59.5 45.1 

Computation 

Time (s) 
- 52738 4638 1987 634 287 

 

 

Figure 3.6: Comparison of load-deflection response of small SFRC beam with 

different mesh sizes 
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3.4.1.2 Load-Deflection Relationship 

The comparative load-deflection results are presented from Figure 3.7 to Figure 3.11. 

In here it should be noted that, the analyses were not terminated unless a numeric 

failure occurred (such as a sudden strength loss) and continued until the experimental 

failure deflection to interpret the general trend of response. Nevertheless, a specific 

ultimate (failure) point was adopted to determine the proper crack patterns.  This was 

decided based on either the minimum plastic strain in the outermost concrete layer 

yielding to crush or the ultimate strain in rebars reaching rupture. The crushing strain 

of plain concrete was understood to be 0.006 from the compression tests of concrete 

samples in the study taken from the literature. However, the crushing strain of fibrous 

concrete was set to 0.01 as advised by ACI 544 [41] since the steel fiber additive 

increases the ductility of the material. Furthermore, the ultimate (or rupture) strain of 

rebars was taken as specified in the selected study, 0.2.  

Firstly, the response of small size SFRC beam investigated. As can be seen from the 

Figure 3.7, small beam behavior under load could be captured precisely, including the 

softening behavior of fibrous concrete which ends up with a gradual decrease of 

flexural load carrying capacity after the peak (or yield) load is reached. The load was 

predicted to be lower than the experimental value, except in the cracking region. The 

errors were calculated to be 4, 6 and 4% for yield, peak and ultimate loads. The yield 

deflection was captured accurately. However, the ultimate deflection was 

underestimated by 27%.  

Investigation followed by the medium size SFRC beam. The yield load and 

corresponding deflection was predicted precisely by the analysis. The peak and 

ultimate load were higher than the experimental values by 3 and 5% respectively. 

However, the rate of error increased for the detected deflections. For example, the 

deflection corresponding to peak load occurred earlier than the experiment by an error 

of 63.5% and the ultimate deflection was underestimated by 30%. 

Afterwards, the response of large size SFRC beam under load was discussed. As can 

be understood from Figure 3.9, load-deflection curve exhibited partial agreement. 

Though the general trend of the curve fits well before yielding of tensile 

reinforcements, the fluctuation in the post-yield region due to the softening of fibrous 
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concrete material was not observed in the numerical results. The yield and peak loads 

were detected by 4 and 0.4% overestimation while 4% underestimation was calculated 

for the ultimate load. On the other hand, the ultimate deflection was overestimated by 

16%. 

In the response of small size beam having plain concrete, curve of pre-yield region 

was predicted accurately. However, the post-yield region exhibited a gradual decrease 

of load due to crushing of outermost concrete layer. The yield, peak and ultimate loads 

were computed to be lower than that of the experiment. The calculated errors were 15, 

21 and 25%, respectively. On the other hand, the yield deflection was overestimated 

by17% whereas the ultimate deflection was underestimated by 54%. 

Finally, the behavior of large size beam with plain concrete was investigated. The 

response before yielding agreed well with that of the experimental. However, the post-

yield region tended to decrease gradually due to crushing of concrete. The numerically 

calculated load was lower than the experimental loads except the cracking load. The 

rates of errors were 30, 11 and 26% for yield, peak and ultimate load. On the other 

hand, the ultimate deflection was overestimated by 22%. 

 

Figure 3.7: Load-mid span deflection curve for S-SF 
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Figure 3.8: Load-mid span deflection curve for M-SF 

 

 

Figure 3.9: Load-mid span deflection curve for L-SF 
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Figure 3.10: Load-mid span deflection curve for S-N 

 

 

Figure 3.11: Load-mid span deflection curve for L-N 
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3.4.1.3 Crack pattern 

None of the analyses indicate rebar rupture at the previously determined numerical 

ultimate (failure) deflection, but concrete crushes were detected at the outermost 

concrete layer since the specified minimum plastic strain values (0.01) and (0.006) 

were exceeded for SFRC and HSC beams, respectively, Figure 3.12. The computed 

tension damage profiles compared to their experimental counterparts and shown in 

Figure 3.13. 

As can be seen from the Figure, two major flexural cracks, indicating a crack 

localization phenomenon, were captured in both small and large SFRC beam, in 

addition a major flexural crack was captured in the medium beam identical to that of 

the experiment. However, different than the beams having fibers the flexural cracks 

significantly propagated into the compression zone in HSC beams w/o fibers. This 

indicates an enhanced resistance to the propagation of cracks for the fibrous concrete. 

Finally, it can be concluded that the crack patterns of all specimens could be captured 

satisfactorily. On the other hand, all the specimens failed from the concrete crush in 

FE analysis which is identical to the experiment of plain concrete beams but different 

than the SFRC specimens. 

 

 

Figure 3.12: The top view of the small beam illustrates the concrete crushes at the 

outermost layer 

Loading plates 

Crushing zone 
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a) Small SFRC beam 

 

b) Medium SFRC beam  

 

c) Large SFRC beam 

 

d) Small HSC beam 

Figure 3.13: Cracking patterns at failure 
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e) Large HSC beam 

Figure 3.13: Cracking patterns at failure (continued)  

 

3.4.1.4 Ductility 

The ability of RC beams to deform from yielding to failure is known as ductility. 

Ductility index is computed by dividing the deflection at the ultimate load ∆𝑢 to the 

deflection at the yield load ∆𝑦, as expressed in Equation (3.1). Table 3.7 presents the 

results obtained from the numerical and experimental study for the HSC and SFRC 

beams. It can be understood from the results that the ductility index calculated from 

the FE analysis was higher than the experimental for both of the large size beam 

specimens, and lower for the small and medium size specimens.  In the experiments 

and FE analyses, the ductility indexes of the large and small size HSC beams w/o fibers 

were found out to be higher than their SFRC counterparts. Therefore, it can be 

expressed that numerical analysis is able to capture the tendency of reduction in 

ductility for the RC beams having hooked end steel fibers with a varying tensile 

reinforcement ratio between 0.64 to 0.72% by a certain amount of error.  On the other 

hand, the highest ductility in the experiments was detected for the small size HSC 

beam while it was obtained for large size HSC beam in the FE analysis.  

 μ𝑝  =  
∆𝑢

∆𝑦
 (3.1) 

 

 

 



52 

 

Table 3.7: Ductility Indices of the HSC and SFRC beams 

Beam 

Specimen 

Ductility 

Index (FE) 

Ductility 

Index (Test) 
Error % 

S-N 6.3 11.83 46.7 

S-SF 6 8.16 26.5 

M-SF 5.4 7.15 24.5 

L-N 8.5 4.91 73.1 

L-SF 6.5 4.54 43.2 

 

3.4.2 Predicted Response using MCTF Analysis (VecTor2) 

3.4.2.1 Load-Deflection Relationship 

Load-deflection curves obtained from VecTor2 analysis are presented from 

Figure 3.14 to Figure 3.18 and compared with that of selected experimental study. In 

here, the analyses were continued until sudden strength losses calculated by the code 

and this deflection point denoted as ultimate state or failure. However, the small size 

beam with plain concrete did not experience a sudden strength loss indicating a 

numerical failure. Therefore, an exception was made for this beam and the analysis ran 

until the experimental failure.   

The yield, peak and ultimate loads were calculated to be slightly lower than that of 

experiment for small size SFRC beam. The detected error tended to decrease in the 

post-yield region (9 and 11% for peak and ultimate load, respectively) while it was 

calculated to be higher at yielding (15%). On the other hand, the ultimate deflection 

could be captured accurately in the FE analysis, Figure 3.14.  

Next, the response of medium size SFRC beam investigated. The loads were calculated 

to be lower than that of the experiment, but with decreased margin of error when 

compared to the previous beam. The calculated errors for yield, peak, and ultimate 

loads were 3, 1, and 4% respectively. On the other hand, the ultimate deflection was 

overestimated by 4%.  
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The investigation followed by large size SFRC beam. Different than the previous two 

beams, the flexural rigidity was estimated higher as against to the experiment. The 

loads were determined to be quite close but lower than those of the experimental 

values. The errors were computed to be 0.1, 0.9 and 7% for the yield, peak and ultimate 

loads. Finally, the ultimate deflection was underestimated by 1%.  

Afterwards, the behavior of small size beam with plain concrete investigated. The 

yield, peak and ultimate loads were underestimated by 14, 17, and 14%. In this beam 

there was no sudden loss of strength indicating numeric failure, and hence, the ultimate 

deflection was decided based on the assumption made in the following section with 

43% underestimation.  

Finally, the numerical response of large size beam with plain concrete resulted in an 

exaggeration of the flexural rigidity. In contrast to previous specimens, the yield load 

was 3% greater than the experimental value. The rest of the loads were lower than the 

experimental values. Peak and ultimate load errors were calculated to be 3 and 9%, 

respectively. The ultimate deflection, on the other hand, was overestimated by 29%.   

 

Figure 3.14: Load-mid span deflection curve for S-SF beam 
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Figure 3.15: Load-mid span deflection curve for M-SF beam 

 

 

Figure 3.16: Load-mid span deflection curve for L-SF beam 
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Figure 3.17: Load-mid span deflection curve for S-N 

 

 

Figure 3.18: Load-mid span deflection curve for L-N beam 
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3.4.2.2 Crack pattern  

In the numerical analyses of VecTor2, the cracking pattern obtained at the ultimate 

state, which was occurring due to either crushing of the outermost concrete layer since 

the specified net principal compressive strain value exceeded or rebar rupture. The 

obtained numerical failure of all beams was due to rebar rupture except small beam 

having plain concrete. This beam failed depending on the crushing of concrete.  

In the beams without fibers VecTor2 could capture the severe concrete crushes at the 

outermost layer of beam cross-section as well as the major flexural cracks located at 

the constant moment region, Figure 3.19 (a and b). The numerical analyses reported 

widely distributed hairline thick cracks almost along the length of all beams having SF 

which is eventually not valid for the experimental findings of those beams, Figure 3.19 

(c, d and e). In addition, at least one of the major flexural cracks starting from the 

bottom of the beam could be captured.  

 

 

a) Small HSC beam 

 

b) Large HSC beam 

Figure 3.19: Cracking patterns at failure 
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c) Small SFRC beam 

 

d) Medium SFRC beam 

 

e) Large SFRC beam 

Figure 3.19: Cracking patterns at failure (continued) 

 

3.4.2.3 Ductility 

The ductility was estimated using the Equation (3.1) as mentioned in Section 3.4.1.4. 

The calculated ductility indices are summarized in Table 3.8. It can be inferred from 

the table that the ductility indices computed from the FE analysis were generally higher 

than the experimental except for the small size HSC beam.  
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Table 3.8: Ductility Indices of the HSC and SFRC beams 

Beam 

Specimen 

Ductility 

Index (FE) 

Ductility 

Index (Test) 

 

Error 

(%) 

S-N 7.5 11.83 36.6 

S-SF 9.3 8.16 14 

M-SF 7.9 7.15 10.5 

L-N 8 4.91 63 

L-SF 6.3 4.54 38.8 

 

3.4.3 Comparison of Results 

3.4.3.1 Load-Deflection Relationship 

As seen from the Figure 3.20 to Figure 3.22, ABAQUS can predict the flexural 

stiffness and peak load for the three different sizes of SFRC beams accurately. 

However, the ultimate deflection was either underestimated (small and medium sizes) 

or overestimated (large size). On the other hand, Vector2 can predict the ultimate 

deflection accurately. However, it underestimated the peak and failure loads with a 

maximum error of 11%. 

In the small size HSC beam, ABAQUS being more pronounced, the peak and failure 

loads as well as their corresponding mid-span deflections were underestimated in both 

numeric models, Figure 3.23. Finally, in the large size HSC beam, the analysis 

conducted by ABAQUS exhibited a good agreement in the pre-yield region and partial 

agreement in post-yield region with an underestimation of ultimate load and 

corresponding deflection. On the other hand, the obtained result from VecTor2 

presented an overestimation of the pre-yield region and ultimate deflection. 
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Figure 3.20: Comparison of Load-mid span deflection curves for S-SF 

 

 

Figure 3.21: Comparison of Load-mid span deflection curves for M-SF 
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Figure 3.22: Comparison of Load-mid span deflection curves for L-SF 

 

 

Figure 3.23: Comparison of Load-mid span deflection curves for S-N 
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Figure 3.24: Comparison of Load-mid span deflection curves for L-N 
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4. Chapter 4 

Validation of FE models on Shear 

Critic Beams: An Experimental Work 

4.1 Introduction 

This Chapter includes experimental and numerical work. Firstly, four RC beams 

designed to be critical in shear were produced and tested under three-point bending to 

investigate the possible effects of steel fiber aspect ratio on the bending behavior. One 

of the specimens had plain concrete with stirrups while the rest had fibrous concrete 

without stirrups. Once the experimental work was concluded, a numerical study was 

initiated to validate the FE methods on shear-critical RC beams. The FE models were 

established using the material properties obtained from the experimental study.  

4.2 The Experimental Setup 

Simply supported reinforced concrete beams are statically loaded from the mid-length 

of the beam by means of a hydraulic jack with a capacity of 300 kN as shown in 

Figure 4.1. A load cell was placed under the hydraulic jack to identify the load exerted 

on the beam. The mid-span deflection was obtained using a linear position transducer 

(LPT). In addition, the strain gauges were glued to the two tensile and compression 

reinforcements from the mid-length of the specimens. Therefore, the yield force could 

be determined. Finally, the data from these sensors was gathered through an eight-

channel static data acquisition device which can retrieve data every 125 milliseconds. 

. 
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Figure 4.1: Beam specimen and the sensors ready for test 

 

4.3 Production of Test Specimens 

In total four large-scale and doubly reinforced beam specimens were constructed and 

tested in İzmir Katip Çelebi University Structural Laboratory. All the beams had 

identical tensile reinforcement ratios of 1.05% and dimensions of 200 mm in width, 

300 mm in height, and 2400 mm in length. One of the beams was designed to be a 

control specimen (B1) and had the minimum amount of transverse reinforcement 

based on TS500 requirements. In addition, the B1 beam did not have any fiber additive. 

The remaining beams (B2, B3, and B4) did not have any stirrups but instead included 

0.5% hooked-end steel fibers with three different aspect ratios to assess the pure effect 

of hooked-end steel fiber on the shear strength. The volumetric fiber ratio was 0.5% 

for B2, B3, and B4 beams. A detailed technical drawing of the beams’ side view and 

cross-section is presented in Figure 4.2. 
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Figure 4.2: Detailing of B1, B2, B3 and B4 beams 

 

4.4 Materials  

Steel reinforcements were made of B420C-grade deformed bars. The yield and 

ultimate strength of the material were determined through the tension tests. Based on 

the test results of three 30 cm long coupons, the average yield and ultimate strengths 

were detected to be 500 and 670 MPa, respectively.  

Concrete was ordered from a ready-mix concrete company specifying a minimum 

cylindrical compressive strength of 40 MPa with a 16 mm maximum aggregate size 

and 0.56 water/cement ratio. Using a hand mixer, the concrete and steel fibers were 

mixed in the previously constructed reservoirs and afterward, poured into the 

formworks. At least two standard cubes (15x15x15 cm) and cylinders (10x20 cm) were 

taken to perform compression and split tensile tests. The samples were kept by the 

beams and subjected to the same environmental conditions. On the test day of the 

beams, which is not less than 28 days, the concrete samples were tested through a 

hydraulic press, and the average strengths are given in Table 4.1. The strength values 
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of the cube samples were converted to equivalent cylinder values by multiplication of 

0.85 based on [42]. Additionally, the equivalent direct tensile strength was calculated 

from the split tensile test as suggested in [36].  

 

Table 4.1: The average compressive and tensile strength of concrete used in beams 

Beam 

Cube 

Compressive 

Strength 

(MPa) 

Equivalent 

Cylinder 

Compressive 

Strength 

(MPa) 

Split Tensile 

Strength 

(MPa) 

Equivalent 

Direct 

Tensile 

Strength 

(MPa) 

B1 48.50 41.00 3.70 2.55 

B2 51.50 44.00 3.50 2.41 

B3 54.90 46.50 3.85 2.65 

B4 58.40 49.70 4.27 2.93 

 

The physical and mechanical properties of utilized hooked-end steel fibers are 

summarized in Table 4.2.  

 

Table 4.2: The types of fiber additives used in the beams 

Beam 

Physical and mechanical properties of steel fiber 

Length 

(mm) 

Diameter 

(mm) 

Aspect Ratio 

(L/D) 

Tensile 

Strength 

(MPa) 

B2 60 0.9 66.7 1100 

B3 60 0.75 80 1100 

B4 50 1 50 1100 
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4.5 Results and Discussion 

4.5.1 Experimental Load-Deflection Relationship 

The load-displacement curves of all specimen beams were illustrated in Figure 4.3. 

Due to the safety concerns and limitation of hydraulic jack stroke, the experiments 

were stopped when the load-carrying capacity was reached. Here it should be noted 

that an additional FE analysis for a beam w/o stirrups and fibers was also conducted, 

and the obtained response is presented in Figure 4.3. As can be seen from Figure 4.3, 

the beam exhibits a sudden failure when the tensile reinforcements yielded. This 

indicates a shear-critical design of the beam section without any shear reinforcement 

and fibers.  

 

 

Figure 4.3: The load-displacement curve of the beam samples 
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Next, the B1 control beam was investigated. Introducing the minimum amount of shear 

reinforcement at each half-effective depth spacing shifted the beam behavior from 

brittle to ductile. Identically, the existence of 0.5% hooked-end steel fibers converted 

the behavior into ductile depending on the significantly improved shear strength. 

Moreover, depending on the increase in compressive strength of concrete yield load 

and carrying capacity enhanced as against to the beam having plain concrete w/stirrup. 

Yield load increased by 10 to 12% while carrying capacity enhanced by 8 to 10%. 

When the beams having steel fibers compared to each other, it is understood that the 

aspect ratio of fibers did not exhibit an obvious effect on either the pre- or post-yield 

behavior of the beams.  

4.5.2 Predicted Response Using Plasticity Analysis (ABAQUS) 

4.5.2.1 Load-Deflection Relationship 

The validation process was conducted similar to Chapter 3. The FE models were 

developed as mentioned in Chapter 2. The load-deflection response of beams B1, B2, 

B3, and B4 is presented from Figure 4.4 to Figure 4.7. 

First, the behavior of B1 was investigated. It could be seen from Figure 4.4 that the FE 

analysis predicted the load displacement of B1 precisely in the pre and post-yield 

regions. The error of yield and peak load was detected to be 2 and -1% respectively. 

On the other hand, the error of deflection corresponding to yield and peak loads was 

determined to be 1 and 7% respectively.  

Next, beam B2 was investigated. As could be noticed from Figure 4.5 the pre-yield 

section was estimated accurately.  However, the post-yield section exhibited a quite 

slight overestimation. In which, the peak and yield loads as well as their corresponding 

deflection values were overestimated by 3 to 4%.  

In the B3 beam the pre-yield zone was predicted precisely while the post-yield region 

showed a slight overestimation identical to specimen B2. The exaggeration was 3 and 

5% for the yield load and deflection while it was more pronounced for the peak load 

(8%) and its deflection (12%).  
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Finally, beam B4 was investigated. It could be seen from Figure 4.7 that the calculated 

load-displacement curve agreed quite well with that of the experimental in both pre 

and post-yield regions. 

 

Figure 4.4: Load-displacement curve of B1 specimen 

 

 

Figure 4.5: Load-displacement curve of B2 specimen 
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Figure 4.6: Load-displacemnt curve of B3 specimen 

 

 

Figure 4.7: Load-displacement curve of B4 specimen 
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4.5.2.2 Crack Patterns 

The crack pattern of experimental study was taken at capacity load (peak), while the 

crack pattern of numeric analysis was taken at the failure that specified as in Chapter 

3. The experimental crack patterns and numerically detected damages of all specimens 

were presented in Figure 4.8. As can be observed from Figure 4.8, two major flexural-

shear cracks formed at the maximum moment zone of all beams. The width of cracks 

reached up to 10 mm and hairline thick flexural-shear cracks were also observed to be 

distributed along the beams. On the other hand, numerically detected damage patterns 

could reveal the highest damage occurring approximately in the maximum moment 

region while the remaining portion of the beams was assessed to be lightly damaged.  

 

a) B1 

 

b) B2 

Figure 4.8: Experimentally obtained crack patterns and numerically captured 

damages 
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c) B3 

 

d) B4 

Figure 4.8: Experimentally obtained crack patterns and numerically captured 

damages (continued) 

 

4.5.2.3 Ductility 

In this section, due to unavailability of the failure deflection the ductility index was 

calculated using Equation (4.1) where Δ𝑝 and Δ𝑦 are the deflection corresponding to 

load at peak and yield respectively. Existence of either steel fibers or minimum amount 

of stirrups converted the behavior into ductile. However, the beams having fibrous 

concrete performed 40% higher ductility performance in average as could be 

understood from Table 4.3. Those beams had almost identical ductility indexes in the 

vicinity of 6 despite the different aspect ratios of steel fibers. On the other hand, the 
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results of the FE analysis generally agreed well with the tested results, in which the 

fibrous concrete specimens had higher ductility index than the control specimen.  

 μ𝑝  =  
∆𝑝

∆𝑦
 (4.1) 

Table 4.3: Experimental and numerical ductility Indices of the beams  

Beam 

Specimen 

Ductility 

Index (Test) 

Ductility 

Index (FE) 
Error % 

B1 4.5 4.2 6.7 

B2 6.3 6.2 1.6 

B3 6 6.4 6.7 

B4 6.4 5.7 10.9 

 

4.5.3 Predicted Response Using MCTF Analysis (VecTor2) 

4.5.3.1 Load-Deflection Relationship 

The numerical simulation was modelled using the identical constitutive relationships 

defined in Chapter 2. The load displacement curve of specimen B1 was presented in 

Figure 4.9. Flexural stiffness was calculated slightly higher than that of experimental. 

Yield and peak loads were significantly overestimated in the analysis, 9 and 20%, 

respectively. The corresponding deflections were detected with -21% and -19% errors.  

When the response of beams having fibrous concrete is investigated, it can be 

expressed that the flexural stiffness and yield load could be captured quite well by the 

MCTF-based analysis, Figure 4.10 to Figure 4.12. However, post-yield behavior 

exhibited discrepancies for all shear critical SFRC beams. For example, 7.5 to 14% 

exaggerations were computed for the peak load while the error in its deflection varied 

between -38 and -52%.  
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Figure 4.9: Load-displacement curve of specimen B1 

 

 

Figure 4.10: Load-displacement curve of specimen B2 
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Figure 4.11: Load-displacement curve of specimen B3 

 

 

Figure 4.12: Load-displacement curve of specimen B4 
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4.5.3.2 Crack Patterns 

As mentioned previously the crack pattern of experimental study was taken at capacity 

load (peak). However, the crack pattern of numeric analysis was taken at the failure 

state as specified in Chapter 3. In the analyses, none of the beams failed owing to rebar 

rupture. In fact, a numerical failure initiated when the net principal compressive strain 

exceeded 0.003 and 0.01 for the beams without and with fiber, respectively, and large 

shear cracks formed concurrently in the fibrous beams. 

VecTor2 predicted two major flexural cracks truly in the loading cone of the B1 beam. 

In addition, the hairline thick flexural-shear cracks distributed almost along the length 

of the beam, Figure 4.13 (a). However, though those type of cracks (hairline thick 

flexural-shear cracks) were also observed in the experiment, they were not as densely 

distributed as the numerical analysis. The crack patterns of the beams having fibrous 

concrete clearly occurred in shear form Figure 4.13 (b, c, and d). Furthermore, the 

concrete crush was also revealed.  

 

 

a) B1 

Figure 4.13: Experimentally and numerically obtained crack patterns of plain and 

fibrous concrete beams  
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b) B2 

 

c) B3 

 

d) B4 

Figure 4.13: Experimentally and numerically obtained crack patterns of plain and 

fibrous concrete beams (continued) 
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4.5.3.3 Ductility 

The ductility was calculated using the Equation (4.1) as mentioned in Section 4.5.2.3 

with respect to peak load. This occurred relatively earlier deformation level compared 

to the experiments. Therefore, except B1 beam, ductility index of rest of the specimens 

were computed to be lower as noted in Table 4.4. 

 

Table 4.4: Calculated ductility indices of the beams 

Beam 

Specimen 

Ductility 

Index (Test) 

Ductility 

Index (FE) 
Error % 

B1 4.5 4.6 2.2 

B2 6.3 3.7 41.3 

B3 6 4 33.3 

B4 6.4 3.3 48.4 

 

4.5.4 Comparison of Results 

4.5.4.1 Load-Deflection Relationship 

As seen from the Figure 4.14 to Figure 4.17, ABAQUS can predict the flexural 

stiffness and peak load for all the beams accurately. However, the peak deflection was 

calculated with a maximum error of 12%. On the other hand, Vector2 estimated the 

deflection corresponding to peak load up to 52% lower. Moreover, it overestimated 

the peak load by 20% for the B1 beam and by a maximum of 14% for the fibrous 

beams.  
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Figure 4.14: Comparison of Load-mid span deflection curves for B1 

 

 

Figure 4.15: Comparison of Load-mid span deflection curves for B2 
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Figure 4.16: Comparison of Load-mid span deflection curves for B3 

 

 

Figure 4.17: Comparison of Load-mid span deflection curves for B4 
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5. Chapter 5 

Conclusion 

A numerical and experimental study was conducted on the bending behavior of beams 

with and without steel fibers. The main objective of this study was to investigate the 

ability and accuracy of CDP model and MCTF formulations in reflecting the behavior 

of the RC beams. For this purpose, two groups of beams were used.  The beams in the 

first group were selected from literature and were critical against flexure. However, 

the second group beams were designed to be critical in shear and constructed and tested 

in the laboratory.  

In the selected study five beams existed of different sizes. The volumetric steel fiber 

ratio kept constant as 0.75% in the three fibrous beams. Tensile reinforcement ratios 

were 0.64, 0.65 and 0.72%. On the other hand, the conducted experimental study had 

four beams with dimensions of 2400x300x200 mm. The fibrous beams were designed 

using steel fibers of varying aspect ratios and the volume of fiber ratio kept constant 

as 0.5%. The tensile reinforcement ratio was uniformly set at 1.05% in all beams. 

Based on the discussions and obtained results above, the following conclusions can be 

drawn: 

a) Findings from the experimental study are listed below:  

 The presence of 0.5% steel fiber in the RC beams with a 1.05% tensile 

reinforcement ratio which is leading a shear critical section converted the 

behavior from sudden and brittle failure to ductile type identical to the beams 

with minimum amount stirrup based on TS500.  

 The inclusion of 0.5% steel fiber into the concrete increased the compressive 

strength of material. Consequently, the yield and peak loads were enhanced by 
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10% approximately compared to the beam having minimum amount of stirrup 

but without fibers.  

 Utilization of different aspect ratios of steel fiber did not exert a pronounced 

effect on the bending behavior of RC beams. 

 The crack patterns observed in SFRC beams were found to be almost identical 

to those in RC beam with stirrups. 

 

b) Findings from the numerical study are as follows: 

 Using the general contact explicit in the CDP model resulted in more accurate 

member response when compared to the tie contact, despite slightly increased 

computational time.  

 The choice of tension stiffening model had a significant role in obtaining the 

true load-displacement curve. Implementation of the FIB Model Code 2010 

overestimated the post-yield region due to its high fracture energy. Contrary, 

application of the SDEM model yielded more precise results in the pre- and 

post-yield regions. 

 The load-deflection curves obtained through the employment of MCFT 

formulations provide accurate estimation of flexural rigidity for both types of 

SFRC beams. When it comes to HSC beams without fibers, an overestimation 

was made except the small size flexural critical beam.  

 The MCFT formulations demonstrated considerable accuracy in predicting the 

general trend of the load-deflection curve for flexure critical beams; however, 

it exhibited limitations in effectively capturing the behavior of shear-critical 

beams.  

 The MCFT formulations captured the major flexural cracks located in the 

maximum moment region for both flexural and shear-critical designs of high-

strength concrete (HSC) beams without fibers. The crack patterns of beams 

with fibers could be partially detected.  

 CDP model could capture the flexural rigidity, overall trend of load-deflection 

curve and damages excellently without exception for all types of beams.  
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Appendix A  

Tabularization of Numerically 

Calculated and Experimentally 

Obtained Load, Deflection and Error 

Data 
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 Flexural Critic Beams: Yoo et. al. (2017), the table below lists the obtained experimental and 

numerical (ABAQUS) data. Pcr, Pyield, cr, and yield standing for the cracking, yielding load and their 

corresponding deflection values.  

  

Pcr (kN) 
Error 

(%) 

Δcr (mm) 
Error 

(%) 

Pyield (kN) 
Error 

(%) 

Δyield (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

S-N 44.2 40.9 7.5 0.72 0.8 11.1 80.6 68.6 14.9 4.58 3.8 17 

S-SF 50.3 59.2 17.7 0.74 1.4 89.2 105.4 101 4.2 5 5 0 

M-SF 78.1 133.7 71.2 0.88 3.4 286.4 168.7 167.7 0.6 7.2 6.7 6.9 

L-N 109.6 112.1 2.3 1.04 0.72 30.8 255.3 221.6 13.2 10.5 7.4 29.5 

L-SF 114.8 177.9 55 1.00 2 100 317.6 330.7 4.1 10.6 8.6 18.9 

 

 Flexural Critic Beams: Yoo et. al. (2017), the table below lists the obtained experimental and numerical 

(ABAQUS) data. Pp, Pult, p, and ult standing for the peak, ultimate load and their corresponding deflection 

values.  

 

Pp (kN) 
Error 

(%) 

Δp(mm) 
Error 

(%) 

Pult (kN) 
Error 

(%) 

Δult (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

S-N 102.3 80.7 21.1 38.7 9.5 75.5 97.6 73.5 24.7 52.1 23.9 54.1 

S-SF 107.3 101.1 5.8 5.54 5.3 4.3 101 96.8 4.2 40.8 30 26.5 

M-SF 176.1 180.9 2.7 41.7 15.2 63.5 165 173.6 5.2 51.5 36.3 29.5 

L-N 312.9 278.2 11.1 51.3 25.4 50.5 312 230 26.3 51.6 62.8 21.7 

L-SF 352.0 353.5 0.4 42.8 18.3 57.2 355 341.2 3.9 48.1 55.6 15.6 
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 Flexural Critic Beams: Yoo et. al. (2017), the table below lists the obtained experimental and 

numerical (VecTor2) data. Pcr, Pyield, cr, and yield standing for the cracking, yielding load and their 

corresponding deflection values.  

 

Pcr (kN) 
Error 

(%) 

Δcr (mm) 
Error 

(%) 

Pyield (kN) 
Error 

(%) 

Δyield (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

S-N 44.2 44.8 1.36 0.72 0.9 25 80.6 69.2 14.1 4.58 4 12.7 

S-SF 50.3 66 31.2 0.74 1.4 89.2 105.4 89.6 15 5 4.4 12 

M-SF 78.1 86 10.1 0.88 0.9 2.3 168.7 164 2.8 7.2 6.8 5.6 

L-N 109.6 159.8 45.8 1.04 2 92.3 255.3 261.8 2.55 10.5 8.3 21 

L-SF 114.8 174.4 51.9 1.00 1.3 30 317.6 317.3 0.1 10.6 7.5 29.2 

 

 Flexural Critic Beams: Yoo et. al. (2017), the table below lists the obtained experimental and numerical 

(VecTor2) data. Pp, Pult, p, and ult standing for the peak, ultimate load and their corresponding deflection 

values.  

 

Pp (kN) 
Error 

(%) 

Δp(mm) 
Error 

(%) 

Pult (kN) 
Error 

(%) 

Δult (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

S-N 102.3 84.9 17 38.7 29.5 23.8 97.6 83.7 14.2 52.1 29.9 42.6 

S-SF 107.3 97.3 9.3 5.5 12 118.2 101 90.8 11.2 40.8 41 0.5 

M-SF 176.1 173.8 1.3 41.7 11.6 72.2 165 158.8 3.8 51.5 53.7 4.3 

L-N 312.9 304 2.84 51.3 66.4 29.4 312 304 2.6 51.6 66.4 28.7 

L-SF 352.0 348.7 0.9 42.8 13.1 69.4 355 329 7.3 48.1 47.6 1 
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 Shear Critic Beams: Experimental study, the table below lists the obtained experimental and 

numerical (ABAQUS) data. Pcr, Pyield, cr, and yield standing for the cracking, yielding load and their 

corresponding deflection values.  

 

Pcr (kN) 
Error 

(%) 

Δcr (mm) 
Error 

(%) 

Pyield (kN) 
Error 

(%) 

Δyield (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

B1 31.1 35.1 12.9 0.9 0.7 22.2 125.2 127.4 1.8 8.5 8.6 1.2 

B2 35.6 25.5 28.4 0.9 0.7 22.2 138.9 142.9 2.9 7.5 7.8 4 

B3 31.2 46.7 49.7 0.7 1 42.9 141.3 145.1 2.7 7.4 7.8 5.4 

B4 33.9 23.4 31 0.8 0.5 37.5 138 142.7 3.4 7.4 7.4 0 

 

 Shear Critic Beams: Experimental study, the table below lists the obtained experimental and numerical 

(ABAQUS) data. Pp, Pult, p, and ult standing for the peak, ultimate load, and their corresponding deflection 

values.  

 

Pp (kN) 
Error 

(%) 

Δp(mm) 
Error 

(%) 

Pult (kN) Error 

(%) 

 

Δult (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

B1 137.6 136 1.2 38.6 35.8 7.3 - 132.2 - - 14.7 - 

B2 148.9 154.7 3.9 47.3 48.5 2.5 - 148.2 - - 19.5 - 

B3 149.5 161.6 8.1 44.6 49.8 11.7 - 153.1 - - 19.2 - 

B4 151 150.6 0.3 47.3 42 11.2 - 148.3 - - 20.7 - 
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 Shear Critic Beams: Experimental study, the table below lists the obtained experimental and 

numerical (VecTor2) data. Pcr, Pyield, cr, and yield standing for the cracking, yielding load and their 

corresponding deflection values.  

 

Pcr (kN) 
Error 

(%) 

Δcr (mm) 
Error 

(%) 

Pyield (kN) 
Error 

(%) 

Δyield (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

B1 31.1 35 11.1 0.9 0.69 23.3 125.2 136.8 9.3 8.5 6.7 21.2 

B2 35.6 36.2 1.7 0.9 0.79 12.2 138.9 143.7 3.5 7.5 7.2 4 

B3 31.2 37.6 20.5 0.7 0.79 12.8 141.3 145 2.6 7.4 6.9 6.8 

B4 33.9 35.6 5 0.8 0.69 13.8 138 141.7 2.7 7.4 6.9 6.8 

 

 Shear Critic Beams: Experimental study, the table below lists the obtained experimental and numerical 

(VecTor2) data. Pp, Pult, p, and ult standing for the peak, ultimate load, and their corresponding deflection 

values.  

 

Pp (kN) 
Error 

(%) 

Δp(mm) 
Error 

(%) 

Pult (kN) Error 

(%) 

 

Δult (mm) 
Error 

(%) 
Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

B1 137.6 165.2 20.1 38.6 31.2 19.2 - 164.8 - - 31.4 - 

B2 148.9 165 10.8 47.3 26.7 43.6 - 160.2 - - 35 - 

B3 149.5 170.7 14.2 44.6 27.7 37.9 - 161.6 - - 38 - 

B4 151 162.4 7.5 47.3 22.5 52.4 - 145.8 - - 25.9 - 
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Appendix B  

Technical Specification of Data 

Acquisition Device and 

Instrumentations 
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A.1 Data Acquisition Device 

 Trademark - Model: Teknik Destek Grubu (TDG) - Test Box-1001 
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A.2 Uniaxial Strain Gauge 

 Trademark - Model: Teknik Destek Grubu (TDG) - BF120 -10AA   
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A.3 Linear position transducer (LPT) 

 Trademark - Model: Opkon – RTL 200 D 5K 
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A.4 Load-cell 

 Trademark - Model:  Keli Sensing Technology - LFSCE-A 
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Appendix C  

Reinforcement Preparation, Concrete 

Pouring and Material Testing Photos 

from the Conducted Experimental 

Study 
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Figure C.1 Steel reinforcements 

 

 

Figure C.2 Reinforcements placed into the prismatic molds, before concrete pouring 
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Figure C.3 The beams after concrete pouring 

 

 
Figure C.4 The beam specimens after removing the formworks and ready for testing 
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Figure C.5 Compression test of 150 mm x 150 mm x 150 mm standard cube sample 

 

 
Figure C.6 Split tensile test of cylinder concrete sample having 100 mm diameter and 

200 mm height 
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